1 Harnack inequalities are known to be of great importance in the theory of quasilinear elliptic partial differential equations. In the case of such equations defined over a domain fl in R", inequalities of this type have been proved for solutions of second-order equations in divergence form which are of either elliptic or degenerate elliptic structure. More recently Bombieri and Giusti (2) have proved a Harnack inequality for solutions of linear elliptic equations on a minimal surface in R"
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by FRANCES COOPER (Received 13th June 1974) 1 Harnack inequalities are known to be of great importance in the theory of quasilinear elliptic partial differential equations. In the case of such equations defined over a domain fl in R", inequalities of this type have been proved for solutions of second-order equations in divergence form which are of either elliptic or degenerate elliptic structure. More recently Bombieri and Giusti (2) have proved a Harnack inequality for solutions of linear elliptic equations on a minimal surface in R" +1 . The equations are of the form dtarfju) = 0, (1.1) where summation over /, j = 1, ..., n+l is understood, and 5 = (<5 1; ..., S n+1 ) is the tangential derivative on S. In (2), the inequality is used to give much simplified proofs of some classical results on minimal surfaces, and to generalise some more recent ones.
In this paper we shall establish inequalities of Harnack type for weak solutions and supersolutions of equation (1.1) , where the coefficients a Xi satisfŷ
Here n o >l ' s a constant and n, \T X are non-negative and satisfy certain integrability conditions. This means that \i can have zeros on S, and so the matrix (a ;j ) is non-negative definite, rather than positive definite as in the elliptic case. The results in this paper combine the methods of (2) with the work of Murthy and Stampacchia on degenerate elliptic equations (7). (ji) . Local versions of these spaces are defined in the obvious way. Analogous definitions are made for the unweighted Sobolev spaces H u 2 (S), fl£-2 (S). Now suppose the isoperimetric inequality holds, that is, for any subset EofS,
1) where H\E) denotes the n-dimensional measure of E, 8E the boundary of E, and y is a constant depending only on n. Then we have a Sobolev inequality for functions u in the space Hj' 
By using the techniques of (7) 
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In the work that follows we shall have occasion to use the following two theorems proved in (2) . The second is an analogue of the John-Nirenberg lemma used in the proof of Harnack inequalities in a domain Q in R". These theorems are known for S = R", see for example (3). together with Holder's inequality, we get, in either case
Js G>~1) Js We now use the structure condition (3.2) to give We now use the well-known iteration scheme due to Moser (6) . First suppose /?>0. Letp v = (l-x)r+Tr2" v , sothatpo = r x p n = (1 -r)r, and let X = 2*72. Then (3.5) gives Then the product converges and is bounded by a constant independent of p. Thus, letting <r = 22 # /(2* -2 ) , we have, for 0< T < 1, sup u" N ow supposep<0, \p\<l/y/noAs we have already shown (3.5) holds. We can assume, with no loss in generality, that u 2; e>0 (see Moser (6) ). As before, putting p v = (1 -x)r+ xr2~v, (3.6) holds. Iterating as before, and taking account of the fact that/><0, we get
Using the inequality (2.5), we have H^(S r ) g Xr", and hence if (3.7) is satisfied, we have
and a similar inequality for min u p .
In order to eliminate the second condition in (3.7) we notice that this holds for some/; in any interval (a, Xd). For each such/?, and for q satisfying/?<q<Xp, using | u | p> r g | u |,,,, (3.8) gives
Thus we have shown that if p # 0, 0 <p < lj^Jn 0 , and w is a positive solution of (3.1) then there is a constant C, depending on n, fi 0 , \i, K, r, t such that sup « >^| «| P ',,, min ^( l l p l u H L , , , . 
